(CS3264 — Foundations of Machine Learning Tutorial 08

Introduction and learning objectives

In Lecture 9, k-means assigned each point to its nearest centre and updated each centre to its group’s
mean. This can fail when groups have different spreads (amounts of variability around their centres). A
Gaussian mixture model (GMM) uses a Gaussian distribution for each group and gives probabilities for
the component labels.

By the end of the tutorial, you should be able to:

e Construct a GMM using an unobserved component label and derive its marginal density.
e Derive its likelihood and posterior component probabilities, and relate them to k-means assignments.
e Explain the advantages and limitations of GMMs compared with k-means.

Optional exercise: Derive gradient descent and SGD updates in Problem 3.

1 Gaussian Mixture Models

Problem 1. A probability model for groups. In a GMM, each observation is generated in two steps:
1. Draw a component label z,, € {1,..., K} with p(z, = k) = 7.
2. Draw x,, from N (xy, | py,, k) for the selected component k.

We observe x,, € RP but not z,; z, is a latent variable. The parameters are 6 = { Tk, Bges Zk}szl.

(a) What constraints must the mixing weights 1, ..., 7k satisfy?
Hint: Each m is a probability. How are the events z, = 1,..., z, = K related?

(b) What properties must each covariance matrix 3 satisfy for the multivariate Gaussian density to be
well defined?
Hint: Recall the definition of covariance. For a nonzero vector v, what does v ' ;v represent within
component k? What matrix operations appear in the Gaussian density?

(c) Show that

p(xnazn - k ‘ 6) == WkN(Xn ‘ I"l’k;azk)7
K
pn | 0) = SN (o | 1 B,
k=1
Explain why the marginal is a valid probability density.
Hint: Use the product rule and the sum rule of probability.

(d) In Lecture 9’s example of groups with different variability, what can 3j describe that a centre alone

cannot? What does 7 describe?
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Problem 2. Learning without observed labels. Assume the observations D = {x,})_; are inde-
pendent and identically distributed under the GMM. We learn € by maximum likelihood.

(a) Starting from p(D | 0) = [[,, p(xn | 0), show that maximum likelihood is equivalent to minimising

1 N K
L(0) = N Zlog Zﬂk/\/(xn | pp ) | -
n=1

k=1

Why can we not move the logarithm inside the sum over k7

(b) Use Bayes’ rule to show that the responsibility is

N (%, 2
Yk = (20 = k | X0, 0) = =+ G | i By)
Zj:l TN (xn | :U’jvzj)

Explain why Y, ynr = 1. How does 7, differ from the hard assignment 7, € {0,1} in k-means?

(c) Suppose 7, = 1/K and all components have the same fixed covariance X3 = o?I. Show that

= exp (—||xn — pi %/ (20%))
X exp(=ln — 12/ (20%))

Which component has the largest responsibility? Compare choosing that component with the k-

means assignment step. Assume the nearest centre is unique.

(d) Now allow the mixing weights and covariances to differ. Is the nearest centre always the most probable
component? Explain using part (b), and relate your answer to the groups with different variability

in Lecture 9.

Optimisation. The mixture likelihood and its derivatives can be evaluated exactly. The logarithm of the

sum makes direct analytic maximisation difficult, but we can still use gradient descent.

Optional extension. In part (c), what happens to the responsibilities as 02 — 0 with the centres fixed?

What changes when two centres tie for the smallest distance?
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GMDMs and k-means

k-means GMM
Assignments  Assigns each point to one cluster. Gives a posterior probability for each
component.
Group Works best for compact, roughly Allows different variability; full covariances
shapes spherical groups with similar variability. also allow oriented elliptical groups.
Output Centres and cluster assignments. A density, component probabilities and a

model for sampling new observations.

Cost Fewer parameters; usually cheaper to More parameters, data and computation,

fit. especially with full covariances.

Both require a choice of K, suitable features, and initialisation. A GMM’s probabilities depend on
its Gaussian assumptions; one component cannot describe every possible group shape. When fitting co-
variances, a component can collapse onto one point and make the likelihood unbounded. We therefore

constrain or regularise the covariances.

Training in practice and a first look at EM

Gradient descent and SGD. Minimise £ from Problem 2. Initialise distinct means, for example with
k-means centres. Parameterise weights and covariances to satisfy the constraints in Problem 1; an example
follows the optional exercise. For each minibatch, evaluate the loss, compute gradients by automatic dif-
ferentiation, and update the parameters. Each observation’s density still uses all K components. Problem

3 derives the mean update.

Expectation—maximization (EM). EM alternates two steps, like k-means:
1. E-step. Compute the responsibilities using the current parameters.
2. M-step. Hold these responsibilities fixed and fit weighted Gaussians. The mean update is

old
new __ Zn Vnk Xn
K = S old
n Tnk

The k-means update has the same weighted-average form, with hard assignments r,; in place of responsi-
bilities. Full EM also updates weights and covariances. Exact EM steps do not decrease the data likelihood,

but do not guarantee a global optimum.

Reading. In Bishop’s Pattern Recognition and Machine Learning (PRML), read Sections 9.2-9.2.1 for
GMDMs and maximum likelihood, and Section 9.2.2 for EM. Section 9.3.2 explains the k-means connection.

Section 9.4 gives the general EM derivation and is optional.


https://www.microsoft.com/en-us/research/wp-content/uploads/2006/01/Bishop-Pattern-Recognition-and-Machine-Learning-2006.pdf
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Problem 3 (optional). Learning the means with gradients. Keep 7 > 0 and the shared covariance
0?1 fixed, and learn only the means. The responsibilities depend on the current means.

For one observation, write
1
b, = —log sp, Sn:ZWjN(xn|/~Ljao'21)7 EZNZn:En
J

(a) Use the chain rule and the identity
Xn — 1
Vi N (ot | e 1) = N (s | pg D= EE

to show that .
VL= No2 ;’Ynk(ﬂk — Xp).

Show your intermediate calculations for V, s, and V,, ¢,, and identify the responsibility before

averaging over observations.

(b) Substitute part (a) into the gradient descent rule from Tutorial 6 to show that, with step size n > 0,
the update is

1d Old Old
P = Rt Zv — p?).

Here fyOId is evaluated at the old parameters.

Explain how v,,; weights each point’s contribution. Compare with Lecture 9’s k-means gradient:

Vo J = 2Zrnk(uk — Xp).

(c) Let B be a uniformly sampled minibatch of B observations. Starting from its average loss Lp =
B! > nep tn, derive the update

1d old (¢, — y0ld
B = 1 s D O — ).
neBb
Show the minibatch gradient you use. What changes for B = 1 or for the entire dataset? Do we need

to sample a component label z,?

Learning the other parameters. To learn weights and covariances as well, parameterise a diagonal-
covariance GMM using unconstrained real numbers a; and byg:

etk

Zj e’

Softmax keeps the weights positive and summing to one. Softplus gives each variance a positive lower

T = 3 = diag(vgi, .-, kD), vkd:5+log(1+ebkd), e>0.

bound. Automatic differentiation computes gradients of the same negative log-likelihood with respect to

the means, a; and byy. Evaluate mixture log-densities using log-sum-exp for numerical stability.
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