
CS3264 — Foundations of Machine Learning Tutorial 07 – Solutions

Introduction and learning objectives

Many widely used models, including diffusion models and variational autoencoders (VAEs), are built on

properties of the multivariate Gaussian; for example, the formulas in Problem 2 give the distribution of

the noisy data in a diffusion model. We cover VAEs in Week 11 and diffusion models in Week 12.

This tutorial works with the multivariate Gaussian from Lecture 2. We first find the distribution of

some of its variables given the rest, then use the result for a Gaussian prior with a linear-Gaussian likelihood

to derive the Bayesian linear regression posterior, which Lecture 2 stated without derivation. Both results

are in this week’s reading (PRML Sections 2.3.1 and 2.3.3).

By the end of the tutorial, you should be able to:

• Identify the mean and covariance of a Gaussian from the quadratic and linear terms in its exponent.

• Expand the exponent of a partitioned Gaussian in terms of the blocks of the precision matrix

Λ = Σ−1.

• Derive the mean and covariance of the conditional distribution p(xa|xb) by matching these terms.

• Match Bayesian linear regression to the linear-Gaussian model and derive the posterior mean mN

and covariance SN for a general Gaussian prior.

1 Multivariate Gaussian Distribution

Assumptions. The densities and inverses in the questions require positive definite covariance matrices.

In Problem 2, take S0 positive definite and β > 0, with independent observation noise given the weights

and inputs. These assumptions ensure that the posterior covariance is well defined even when X does not

have full column rank.

Problem 1. Expanding the exponent. Since Σ−1 = Λ, the exponent is z = −1
2(x − µ)⊤Λ(x − µ).

Substitute the partitioned forms

x− µ =

[
xa − µa

xb − µb

]
, Λ =

[
Λaa Λab

Λba Λbb

]
,

and multiply out the blocks:

(x− µ)⊤Λ(x− µ) = (xa − µa)
⊤Λaa(xa − µa) + (xa − µa)

⊤Λab(xb − µb)

+ (xb − µb)
⊤Λba(xa − µa) + (xb − µb)

⊤Λbb(xb − µb).

The precision matrix is symmetric, because Σ is, so Λba = Λ⊤
ab. The third term is a scalar, so it equals its

own transpose:

(xb − µb)
⊤Λba(xa − µa) = (xa − µa)

⊤Λ⊤
ba(xb − µb) = (xa − µa)

⊤Λab(xb − µb).
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The two cross terms are therefore equal, which gives the expression in the question:

z = −1

2

(
(xa − µa)

⊤Λaa(xa − µa) + 2(xa − µa)
⊤Λab(xb − µb) + (xb − µb)

⊤Λbb(xb − µb)
)
.

Reading off the conditional. By the product rule, p(xa|xb) = p(xa,xb)/p(xb). With xb fixed, the

denominator is a constant, so as a function of xa, p(xa|xb) ∝ exp(z). We therefore collect the terms

of z that depend on xa. They form a quadratic function of xa whose quadratic part is −1
2x

⊤
a Λaaxa,

and Λaa is positive definite (a diagonal block of the positive definite matrix Λ), so it is invertible. The

exponential of such a quadratic is proportional to a Gaussian density, so p(xa|xb) is Gaussian, and we

can find its parameters by matching coefficients. Expanding the first term, (xa − µa)
⊤Λaa(xa − µa) =

x⊤
a Λaaxa − 2x⊤

a Λaaµa + const, so

quadratic in xa : − 1
2x

⊤
a Λaaxa,

linear in xa : − 1
2

(
−2x⊤

a Λaaµa + 2x⊤
a Λab(xb − µb)

)
= x⊤

a

(
Λaaµa −Λab(xb − µb)

)
.

A Gaussian N (xa|µa|b,Σa|b) has exponent

−1
2(xa − µa|b)

⊤Σ−1
a|b(xa − µa|b) = −1

2x
⊤
a Σ

−1
a|bxa + x⊤

a Σ
−1
a|bµa|b + const.

Matching the quadratic terms gives Σ−1
a|b = Λaa. Matching the linear terms gives Σ−1

a|bµa|b = Λaaµa −
Λab(xb − µb), and multiplying on the left by Λ−1

aa :

Σa|b = Λ−1
aa , µa|b = µa −Λ−1

aaΛab(xb − µb).

The conditional mean is an affine function of xb, and its covariance does not depend on xb. PRML Section

2.3.1 gives the same result and rewrites it in terms of the blocks of Σ: µa|b = µa +ΣabΣ
−1
bb (xb − µb) and

Σa|b = Σaa −ΣabΣ
−1
bb Σba.

Check with D = 2. Take µ = 0 and Σ =

[
1 ρ

ρ 1

]
with |ρ| < 1. Then Λ = 1

1−ρ2

[
1 −ρ

−ρ 1

]
, so

Λaa = 1
1−ρ2

and Λab =
−ρ

1−ρ2
. The formulas give Σa|b = 1− ρ2 and µa|b = ρ xb: observing xb shifts the mean

of xa by ρ xb and reduces its variance from 1 to 1− ρ2.

Problem 2. Matching. The Bayesian linear regression model has the same form as the linear-Gaussian

model in the question, with the weights w as the unknown variable. Note that in the question’s result, x

is the unknown variable, not an input. The prior does not depend on the inputs, p(w|X) = p(w), so we

can apply the result with X held fixed. The matching is

Linear-Gaussian model Bayesian linear regression

x (unknown) w

y (observed) t

µ, Λ−1 (prior) m0, S0 so Λ = S−1
0

A, b X, 0 mean Xw

L−1 (noise covariance) β−1I so L = βI
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Posterior covariance. Substitute into Σ = (Λ+A⊤LA)−1:

SN =
(
S−1
0 +X⊤(βI)X

)−1
=⇒ S−1

N = S−1
0 + βX⊤X.

Posterior mean. Substitute into Σ{A⊤L(y − b) +Λµ}:

mN = SN

{
X⊤(βI)(t− 0) + S−1

0 m0

}
=⇒ mN = SN

(
S−1
0 m0 + βX⊤t

)
.

Interpretation. The posterior precision is the prior precision S−1
0 plus the precision contributed by the

data, βX⊤X. If X⊤X is invertible, let ŵ = (X⊤X)−1X⊤t be the least-squares solution; then βX⊤t =

βX⊤Xŵ and

mN =
(
S−1
0 + βX⊤X

)−1(
S−1
0 m0 + βX⊤Xŵ

)
,

a matrix-weighted average of the prior mean and the least-squares solution: the weights SNS−1
0 and

βSNX⊤X come from the two precisions and sum to I. If the prior becomes very broad (S−1
0 → 0), then

mN → ŵ.

With Lecture 2’s prior, m0 = 0 and S0 = α−1I, the formulas become S−1
N = αI + βX⊤X and mN =

βSNX⊤t, the expressions in Lecture 2 (with Φ in place of X).
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