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Introduction and learning objectives

This tutorial connects two parts of neural-network learning: computing gradients with backpropagation
and using those gradients to update the parameters. We first work backwards through an MLP, then study
what gradient descent can guarantee.

By the end of the tutorial, you should be able to:

e Choose a suitable loss for binary classification and compute error signals backwards through an MLP

using the chain rule.

o Write each weight gradient as error signal x input, and combine the gradients over the training

examples.
e Use Taylor’s theorem to derive a step-size condition under which gradient descent decreases the loss.
e Derive and interpret the O(1/T") bound on the smallest squared gradient seen in the first 7" iterations.

Optional extension: derive the corresponding SGD bound and explain the term that remains when the

step size is fixed.

1 Backpropagation with Multilayer Perceptrons

Throughout, y, = 2 ) is the network’s output for example n, and M; is the number of units in

layer I.

Problem 1. The target is binary and the sigmoid output lies in (0, 1), so we interpret y,, as p(t, = 1|x,, 6).

Then t,, given x,, is Bernoulli,
p(tnlxn,0) = yfln(l - yn)l_t":

and, assuming the examples are independent given their inputs, maximising the likelihood is the same as
minimising the negative log-likelihood, a sum over examples. This gives the binary cross-entropy loss, the

same loss as in logistic regression:

N
‘C(9§ D) = Zgnv by = _(tn log yy, + (1 - tn) log(l - yn))a Yn = 0’4(%(14,)1)'
n=1

Problem 2.1. Apply the chain rule through y,:
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For the second factor, differentiate o(a) = (1 +e~%)71:
o'(a) = et o(a)(1 —o(a)) ) Otn (1—yn)
(1 + €_a>2 ’ 8an4)1

Multiplying, the factor y,(1 — y,) cancels:

Problem 2.2. (3 )

223,1 By the chain rule,

The weight wy’

3)

4
n7)1 Zk/ 1 wl k’zn k' and aa( )/(9101 kT
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This is the error signal of the receiving unit times the input carried by the weight.

@3 )

3)

Problem 2.3. a,; affects the loss only through 2k which feeds into the single output unit through the
weight wg 13; The chaln rule follows this path:
3

@ _ Ol _ 0 Doy} 050

"= 05 5 92 )
Here 8@ / 8223])6 = wg?’%, and with the ReLU convention in the question, 8,2”3,1 /&Ln?’?C = H[af’;{: > 0].
Therefore

3 4) (3 3
57(’L,])€ = 5n,% wg,lz H[an}e Z O]

Problem 2.4. ai; affects the loss through 2?) which feeds into every unit of layer 3, through the

weights wg fork=1,...

oe
57(12) _ n
=

As in 2.3, Ga(3l)€/3z(2) = w( ) and Oz /Oa

moves out of the sum:

7'L]7

, M3. The chain rule sums over these M3 paths:

%43: My a0
1 aafji 82(]) 8&7(127;'

= Ia, (2 ) > 0]. The last factor does not depend on k, so it

5@ _

n?]

M3
las) = 01> wi?) 6%
k=1

Problem 2.5.
layer is the data, P

n,g xnvl'

So

As in 2.2, w( ) enters ¢y, only through a,

@ _

21%1 wﬁ?zfﬂ and the input to the first
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The weights are shared by all examples and £ = ) ¢,, so the gradient is the sum of the per-example

gradients:
N
oL (2)
oo = 2 Oy
Wji  n=1

The general pattern. Every weight gradient has the form

N
8£(l) = Z 55,—]"_1) ) Zr(Ll,)ia
Ow;; =1 =~~~ =~

error signal input

and the error signals are computed backwards, from the output layer to the first hidden layer:

My
B, (a0 3
j=1

Problems 2.3 and 2.4 are this recursion with o4 and o5 the ReLU derivative. For example, the gradient
for the middle layer, which the question did not ask for, is 0L/ 8wli2j). =>. 53 2

n,k “n,j*
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2 Gradient Descent

Assumptions. We use Taylor’s theorem for a twice continuously differentiable f with the question’s
global upper bound f”(w) < L. From Problem 3 onward, assume the stated minimum f* is finite. The
gradient-norm bounds in Problems 3-5 also hold with any finite lower bound in place of f*. The later
convex objective-gap bounds use f* = f(w*) at a minimizer. Step sizes are positive, and the stopping

tolerance 71 below is positive.

Problem 1. Apply Taylor’s Theorem with h = f, g = wy and x = wyy1. By the update rule, x — xg =

w1 — wy = —af’(wy). So for some & (between wy and wy41),

Flwipr) = f(wp) + ' (we) (—af (wr)) + (—af'(w))?
£1(€)

= fwe) — af'(we)® + —a f(we)?

< Flun) — af (we)? + Fa2 ' (wn)?

= f(wy) — (1 - O;L) F'(we)*.

"(©)
2

The inequality uses f”(&) < L and o f'(w;)? > 0.
Problem 2. If 0 <a <1/L, then aL/2 < 1/2,s01— «L/2 > 1/2. Rearranging Problem 1,

o) = o) = a (15 ) Pl = 5

2 > 0. Each step decreases f by at least

where the second inequality uses 1 — aL/2 > 1/2 and f’(wy)
S f/(we)?: the loss never increases, and it strictly decreases unless f’(w;) = 0. (Problem 1 gives a decrease

for any 0 < a < 2/L; the condition o < 1/L gives the constant 1/2.)

Problem 3. Sum the inequality from Problem 2 over ¢t = 0,...,T — 1. The right-hand side telescopes:

o, T T—1
5 f(we)? < Z(f(wt) — f(wiy1))
t= t=0
= f(wo) — f(wr)
< f(’LU()) - f*7

where the last inequality holds because f* < f(w) for every w, in particular for w = wrp.

Problem 4. The minimum of T numbers is at most their average, since each number is at least the

minimum. Using Problem 3,

2 (wo) — 1)

f(we)? < o7

min
te{0,...,T—1}

S
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The bound is O(1/T): to guarantee an iterate with f’(w;)? < e, it is enough to run T' > 2(f(wo) — £*)/(cve)
iterations. The guarantee concerns the gradient only. Since f is not assumed to be convex, a small
gradient can also occur at a local minimum, a local maximum, a stationary inflection point (such as w =0
for f(w) = w3e_“’2) or a flat region, not only at a global minimum. This example has a bounded second

derivative and an attained finite minimum, so it satisfies the assumptions above for a sufficiently large L.

Problem 5 (Optional). Derivation. Apply Taylor’s Theorem as in Problem 1, now with w11 — w; =
—Qgi:
9]

f(wigr) = flwy) — af (wy)ge + %0293 < flwy) — af (we)gs + gazgf-

Take the expectation conditional on w;. Given wy, the quantities f(w;) and f’(w;) are fixed, so by the two

assumptions on g,

E[f (i) ue] < fwr) — aof () Elgulwe] + 5 o Elg? o]
< fwy) — af(w)® + §04202-

Take the expectation over w; (law of total expectation) and rearrange:

CE[f (w)?] < Elf ()] ~ E[f(wis1)] + 50?0’

Sumover ¢t = 0,...,T—1. The first two terms telescope; take wy fixed (not random), and use E[f(wr)] > f*:

T-1
o ST EL () < f(wo) — Blf (wr)] + 50%0°T < f(w) = [* + 50%°T,
t=0

Divide by aT and bound the minimum by the average, as in Problem 4:

T—

1
i E[f (w)?] < =
ein B w7 < 5

—_

fwo) — f* n 0402L.

E[f'(wp)?) < 2 :

t=

This derivation does not need o < 1/L, because the second-order term is bounded with 2 instead of being
compared with the first-order term.

Where the second term comes from. In both derivations, the second-order Taylor term is at most
%(U)]H_l — U)t)2.

e For gradient descent, w11 —wy = —af’(wy), so the bound is %an’(wt)Q. It is proportional to the
squared gradient, so it shrinks as the gradient shrinks, and for a < 1/L the first-order decrease

af'(w;)? outweighs it (Problem 2).

e For SGD, w1 — wy = —agy, so the bound is %oﬁgf, with conditional mean %aQE[gﬂwt]. Since
Elgi|wi] = f'(w;), we have E[gZ|w;] = f'(w:)? + Var(g¢Jw;), and the variance part need not shrink
when the gradient does. The assumption bounds E[g?|w;] by the constant o2, so in the bound each

step adds at most %0302 to the expected loss, whatever the size of the gradient.
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Over T steps these per-step terms sum to %OPUZT . Dividing by oT leaves O“’;L , which does not depend

on T. With a fixed step size, the bound therefore does not go to zero as T' — oco. A smaller o lowers
this term but slows the decrease of the first term. If the number of steps 7' is fixed in advance, choosing
a = ¢/v/T for a constant ¢ > 0 makes both terms O(1/v/T):

f(wo) — f~ N co’L
C\/T Qﬁ'

Further remarks (beyond the question sheet). A stopping rule. Take 0 < aw < 1/L as in Problems
2-4, and stop gradient descent as soon as a step is small, |w;y; — w¢| < n. By Problem 4 with Ty =
max{1, [2a(f(wo) — f*)/n*]}, some t € {0,..., Ty — 1} satisfies

2 (wo) — f*) _

!
— — <
[ w1 — wi| = af'(wy)] < oTh =",

so the rule stops within Ty steps. The last inequality uses Tp > 2a(f(wo) — f*)/n>.
Convez functions. A differentiable f is convex if and only if f(y) > f(z)+ f'(z)(y — x) for all z,y: the
function lies on or above each of its tangent lines. Let w* be a minimiser. Taking x = w; and y = w* gives

f(wy) — f(w*) < f'(wy)(wy — w*). Expanding the update,
(w = w*)? = (w1 = w*)? = (w — w*)? = (w; — w* = af'(wy))? = 2af (w;) (w; —w*) — o' (wy)?,

SO
wp — w* 2 _ W+ —w* 2 o ! w 2
rl(wt)(wt—w*) —_( t ) 2( i1 ) + f(2 t) .

Average over t =0,...,T — 1; the first part telescopes and (wp — w*)2 > 0:

T

1
| )
Pt SRR

|
—

T—1
Fllw)(we —w*) < ————+

Nl =

(f(wt) - f*) <

Il
o

t=

=)
-+
Il

=)

For this convex bound, suppose |f'(w)| < K for all w, with K > 0. The preceding distance calculation
holds for every a > 0, without a curvature bound or the restriction « < 1/L. The last sum is at most
TK?, and for wy # w* the step size o = |wy — w*|/(KV/T) gives

(wo —w*)? | aK?  Klwy — w*|

. e _
B SEEAC Dt A7y JT

So for convex f with |f/| < K and this step size, the best loss value found in the first T steps is within
O(1/V/T) of the minimum f*. This is a statement about the loss value, not the gradient as in Problem
4. The step size uses |wg — w*|; any R > |wg — w*| in its place gives the bound KR/v/T. Under
the assumptions of Problems 1-2 instead (f” < L and 0 < a < 1/L), convexity gives the faster rate
flwr) — f* < (wo — w*)?/(2aT), which is O(1/T) (a standard result, not derived here).
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