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1 Logistic Function and Log Odds

Problem 1. Divide the numerator and the denominator by p(t = 1|x) (assume both class probabilities

are positive), then write the ratio as expIn of itself:
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. The fourth line uses In(1/r) = —Inr.
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where z = In
Problem 2. Logistic regression models p(t = 1|x) = o(wx). Problem 1 shows that p(t = 1|x) = o(2)
with z the log odds. The sigmoid is strictly increasing, so as a map from R onto (0, 1) it is invertible, and
its inverse is the log-odds (logit) function o~!(s) = In % for s € (0,1). Matching the two expressions

therefore gives

t=1
w'x models In p( |X),
p(t = 2|x)
the log odds of class 1 against class 2. Logistic regression assumes the log odds are a linear function of x.

p(t=1[x)

With the lecture labels ¢ € {0, 1}, the same argument shows that w'x models In P(=0%)
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2 DMulticlass Logistic Regression

Throughout, assume every class probability is positive, so the log odds are defined.

Problem 1. Multiply and divide by p(t = K|x), then write the ratio as exp In of itself:

p(t = jlx) = p(t = K[x) - m
=p(t = K|x) - exp <lnm>
=p(t = K|x) - exp(z;j). Y

Problem 2. The class probabilities sum to one. Using Equation for each i < K — 1,
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Move the p(t = K|x) terms to one side and factorise:
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Problem 3. Substitute Equation into Equation ((1)):

exp(z;)
1+ Zfi}l exp(z;)

p(t = jlx) =

The definition of z; also makes sense for j = K:

p(t = K|x)

—— = =Inl1=0, exp(zr) = 1.
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So the 1 in the denominator is exp(zx ), and

exp(z;) _ exp(z;)
exp(zk) + Yiey exp(zi) i, exp(z)

By Equation , the same formula also holds for j = K. Stacking the K probabilities gives the softmax

p(t = jlx) =

function, softmax(z); = exp(z;)/ 1 | exp(z).
1
For K = 2, this gives p(t = 1|x) = exp(z1) = = 0(21), the logistic function from the
exp(z1) +1 1+ exp(—=21)

previous problem.
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Clarification of the parameterisation. In Problems 1-3, z; denotes log odds relative to class K, so
2z = 0. To retain this meaning when writing z; = wa)x, we can fix wgy = 0 and learn the other K —1
rows. Alternatively, if all K rows of W are learned freely, z; = W(Tj)x is a softmax score, and the log odds

are .
p(t =jlx,W)

Subtracting zx from every score leaves the softmax probabilities unchanged and recovers the reference-class

) Tx.

form. The error function below is valid for either parameterisation.

Problem 4. Let the training set be D = {(xp,t,)}Y_; with ¢, € {1,..., K}, and assume the examples
are independent given the inputs. Let I[A] be 1 if A is true and 0 otherwise. For a single example, write
the likelihood as

Ptn|%n, W Hp n = k|xp, W)Tlin=H],
Exactly one indicator equals 1, so the product pleS out the probability of the observed class. This is the
probability mass function of the [categorical distribution) which generalises the Bernoulli distribution to K

classes.
The log-likelihood of the data is

N K
logp(D|W) = log [ [ [] p(tn = klxn, W)Tn="
n=1k=1

H[tn = k] logp(tn = k‘XmW)

N K
= Z I[t, = k] w&)xn logZeXp(w(J)xn)
n=1k=1 j=1
N K
= Z W Xn — logZexp(W(Tj)xn) ,
n=1 j=1

where the last line uses ), I[t,, = k] = 1. Maximising the likelihood is the same as minimising the negative

log-likelihood, so the error function is

E(W) = —logp(D|W) =

M=

(logsumexp Wx,) — WEE”)Xn),

n=1

with logsumexp(z) = logz 1 exp(z;). Machine learning libraries compute this term in a numerically
stable way, for example torch.logsumexp.
Equivalently, encode the label as a one-hot vector t,, € {0,1}¥ with a 1 in entry ¢, (bold t, is the

vector; plain ¢, is the class label). Then

N
E(W)=— Z t,] log softmax(Wx,,),

n=1


https://en.wikipedia.org/wiki/Categorical_distribution
https://pytorch.org/docs/stable/generated/torch.logsumexp.html
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where log is applied entrywise. This is the cross-entropy error. For K = 2 it reduces to the logistic

regression error with weights w = w() — w(g).

Remark. When all K rows of W are learned, adding the same vector to every row leaves all the proba-

bilities unchanged.
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