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1 Probability Basics

1.1 Probability Rules
e Marginalization: p(z) = fyeyp(ac,y)dy.

Joint Probability: p(z,y) = p(z | y)p(y) = p(y | z)p(z).

_ plylz)p(z) _ _ pyle)p(z)
p(y) [ p(yle)p(e)de

Bayes’ Theorem: p(z | y)

Independence: x and y are independent < p(x,y) = p(z)p(y).

1.1.1 Expectation:

Written as Egistribution [variable], subscript omitted if distribution obvious.

¢ Expectation for Discrete Random Variables: E,x)[X] = > (zp(x)) if discrete, [ (zp(z))dx

X
if continuous.

¢ Expectation of a Function of z: E, x)[f(X)] = [ (f(z)p(z)) dx

e Linearity of Expectations:

— Epx ) [X + Y] = Epx) [X] + Epp [Y] — Epx)[aX] = ayx)[X]
e Variance: Var,(x)(X) = Eyx) | (X = By [X])?] = Byx) [X?] = By [X)”

1.2 Common Distributions

X ~ p(x) = Ep(:r:) [X] = Varp(X) (X) =
1 2
2 2 _(z=p) 2
N(%U)aMGRvU >0 Wexp( 202 ) 1% o
N(p, %), _
Bern[r], 7 € [0,1] (1 —m)= z € {0,1} T (1 —m)
B(nvp)a n€Z+7p€ [07 1] (Z)px(l_p)n—m7 HS {07777’} np np(l_p)
Poisson(A), A > 0 )\;c;!—x’ reN A A
Gamma(a, §), o, f > 0 L e w >0 5 &
Cat(m), . )
o SK =1 NG w | diag(m) —mnT

2 2 2 2
o 0 o 0 011 0129

3 . — — 1 — } )

Types of Covariance: Xgpper = 9| s Xdiag = ol s Zrn = | 5 5
0 o 0 o3 051 O34

If we have X1,..., X,, where any given X; ~ N (u;, 012), then

T

X:[Xl Xn] NN(M7E)ay’:[M1 pn]T,E:dlag(a%,,an)
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2 Vector Calculus

If w € RY, then

VoB(w) = [3£ - $E "
For w,x € RN, A € RV*N where AT = A,
o Vw(w'x) =x o wly =30y lwil?, [wlly = /S0, [wil?
o Vw(llwly) = wp
o Vu (IWl3) = Vo (w'w) = 2w o Vo (wTAw) = 24w
2.1 General Formulae
For a,b,c,x ¢ RN, A, B,C, X € RVXN,
o Vi(x"a) =Vy(a'x) =a e Vx(a'Xa)=Vx(a'X"a) =aa’
o Vi(x'Ax) = (A+AT)x e Vx(a'X"XDb)=X(ab' +ba')
e Vx((Ax+a)"B(Cx+b)) = e Vx((Xa+b)'C(Xa+b)) =
ATB(Cx+b)+C'BT(Ax +a) (C+CT)(Xa+b)al

e Vx(a'Xb)=ab' Vy(a'Xb)=X"Ta Vx(a'X"CXb) =CTXab' + CXba'

2.2 Pseudo Inverse

Assume AT to be pseudo-inverse of A and A has full rank,
A,xn Square rank(A)=n = AT =A"1
A,xm Broad rank(A)=n = AT =AT(AAT)"!
Ay Tall  rank(A)=m = AT =(ATA)!AT

Broad version is known as right inverse and tall version is known as left inverse

3 Linear Regression

A linear regression model is formally defined by its data, model, and loss.

e Data D = {(xn,t,)}_, is a set of all inputs x and their targets t.

T

e Model y(x;w) = w'x is a function parameterized on some given weights that predicts an output

for a given input.
N 2
e Loss is a function that tells how “bad” a model is on a data set, £(w) =5 > ((wan —ty)) )
n=1

Analytical solution for the weights that minimize the loss for a given linear regression model:

wyr, = argmin (£(w)) = (X T X) 71X Tt

w
Proof We can express L(w) = 3(t — Xw) T (t — Xw) where

X:TT...TT t:tt---tT
X1 X XN| o [t b N]
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we have
1 T
L(w) = i(t —Xw) (t — Xw)
1
= 5( Tt—tTXw—-w' Xt +w X Xw)
1
=5 Tt—o2w ' Xt +w  XT Xw)

Therefore, from
Vowl(w)=X"Xw—-X"t=0

we have
w=(X"X)"'XxTt

4 Non-linear Regression

(Since t ' Xw =w' X"t € R)

Non-linear regression is largely the same as linear regression, except that we now introduce features by
transforming our inputs with basis functions ¢;. Then, we can treat our model as a linear model using the
generated features instead of the inputs. Common basis functions include polynomials and trigonometric

functions.

A potential issue with introducing more features is overfitting. A symptom of overfitting is weights
growing too large. Regularization is a common solution to this. By introducing a regularization term
AR(f) to our loss function, we penalize weights that are overly large, preventing overfitting. A common

regularizer is to take the sum of weight magnitudes |w||3. £(w) =

WRR = (XTX + )\I)_IXTt

Proof

L(w) =

n=1

— N =

A

= gllow —tl3+ SwTw

— Vo Ll(w) =0 (dw —t) + \w
=@ 4+ AN)W—-d't=0

Sw= ('O A)TTDTt

N
> (W7 00x) = 1)) + 3w

Analytical solution for a given linear regression model after regularization:

3 (570t ~ta)") + w13

In general, basis functions and regularization are two methods of providing inductive bias, which is

anything that nudges the algorithm to learn one pattern over another.
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5 MLE and Bayesian Parameter Estimation

5.1 Why Maximize the Likelihood p(D | 0)? (6 = (u,0?))

1. Computational Simplicity: Often, the likelihood function p(D | #) is mathematically easier to
work with. It frequently leads to tractable optimization problems.

2. Frequentist Perspective: In the frequentist view of statistics, parameters are considered fixed
but unknown quantities. Thus, it doesn’t make sense to talk about the “probability” of parameters.
Only data are considered to be generated from a random process.

3. Point Estimation: MLE provides a single “best guess” point estimate of the model parameters
that makes the observed data most likely.

5.2 How is it related to p(¢ | D)?

1. Bayesian Perspective: If you're interested in p(f | D), the Bayesian framework explicitly tack-
les this by using Bayes’ Theorem. Bayesian methods do allow us to talk about the probability
distribution over parameters.

p(0 | D) o< p(D | 0) x p(0)

2. Maximum A Posteriori (MAP): If you take the Bayesian route but still want a point estimate,
you could use the MAP estimate, which maximizes p(f | D). Note that MLE is a special case of
MAP where the prior p(#) is uniform.

3. Intuitive Connection: Maximizing p(D | #) indirectly gives us parameters that are likely, assum-
ing the data we observed is likely to occur again. The Bayesian approach refines this by adding a
prior belief p(f) to create a more nuanced understanding.

5.3 Bringing it Together

Maximizing p(D | €) and p(f | D) are two sides of the same coin, related through Bayes’” Theorem. The
former is easier computationally and aligns with frequentist philosophy, while the latter incorporates
prior beliefs and is the cornerstone of Bayesian methods.

5.4 Notation

o t= [tlv 7tN}T7 W = [’LU(), "wM_l]T
xlT ¢(x1)"
o X = X2T , @ = ¢(X2)T
XZTV ¢(XN)T

o y=[wlo(x1),...,wlo(xy)]! = ow

The data is D = {(Xn,tn) )1, where t = w'$(x) + €, with € ~ N(0,02) being the noise (we assume
noise is Gaussian, but this may not always be the case, e.g., when data is consistantly higher/lower than

underlying w ' ¢(x)). Assume variance o2 is known. As wT¢(x) is not a random variable, we can write

t ~ N(wTo(x),0%)

The key idea behind MLE is that we want to maximise the probability of wT¢(x) + € being equal to
the actual ¢t in our data. However, this is often very hard to calculate, so we simplify our problem by
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maximising the likelihood!. This is given by

max p(D|w) = max log(p(D|w)) (log is increasing in (0, 1])
= max log(H Pp(tn|Xn, W)) (assume i.i.d.)
= maxz log(p(tn|xn, W)) (log rules)

= mvi‘xz log [\/21? exp (— (b — ;;d)(x)y)} (p.d.f. of Gaussian)

n

(cancel constant terms)

We now have the loss function which will maximise the probability of our model being correct.

5.5 Bayesian Methodology

Bayesian Prediction: p(H|D) =) ,p(H,0|D) =>_,p(H|0)p(0|D)
MAP (“Poor Man’s Bayes”): Oyrap = argmazo(p(0|D)), p(H|D) = p(H|0rmap)

5.6 Linear Regression via Maximum a Posteriori

From the Bayesian perspective, the weights w are not predetermined but follow a probability distribution.
Before the Bayesian sees any data, he already has a preconceived notion on what distribution w should
follow. After seeing some data, the Bayesian will update his beliefs about how w is distributed. Thus,
instead of maximising p(D|w) like the frequentist, the Bayesian wants to maximise p(w|D) = %
by Bayes’ theorem, which is the probability that w are the weights given the data. We are assuming
the same data and model as section before, with the additional prior that w ~ A(0,a'I) and t ~
N(pw, B7) (=t =02, 371 = 02). What the prior tells us is that we assume that the weights are more

likely to be close to 0 according to the multivariate Gaussian distribution.

D
max p(w|D) = max p(Dlw)p(w) (Bayes’ theorem)
w w p(D)
= max log(p(D|w) + log(p(w)) — log(ptP)) (cancel constants w.r.t. w)
= maxlog(p(DP|w) +log(p(w))
w e’
MLE log prior

We will continue expanding the log prior until we get the L2 regulariser.

1 1 . .
log(p(w)) = log( (2772 dot(a—1T)1/2 exp(—ng(aI)W)) (p.d.f. of multivariate Gaussian)
1
= log((27)"*/? det(a'T)"1/?) + log(exp(—ng(aI)w)) (log rules)
=c — %WTW (combine constant terms w.r.t. p(w|D))

'Likelihood is different from probability. Consider a uniform distribution of [0,1]. The likelihood of 0.5 is 1, while the
probability is 0.
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We get wTw, the sum of squares of each of the weights.

We perform the same steps for the other term using p(D|w) = N(t | ¢w, 3711) to get ca — g”t — ¢w|)3.
From this, we can see that a prior of multivariate Gaussian distribution results in the L2 regulariser,
and as seen in tutorial 3, different priors result in different regularisers, such as the Laplace distribution
resulting in the L1 regulariser and the uniform distribution resulting in no regularisation.

5.7 Bayesian Linear Regression

We have seen how to get a point estimate using MAP, but we can also apply Bayesian Linear Regression
to obtain the distribution over the weights.
As before, assume the prior that w ~ A (0, 'I) and t ~ N (¢pw, 37'I). We apply Bayes’ rule:

p(D|w)p(w)

p(wip) = PR

== N(w\mN, SN)

N
.1 9 A o
mgep(w[D) =3 3 (y(enw) — 1)+ GwTw A=
where the analytical solution is given by

MmN = SN (sglmo + ﬂ(/f)Tt) and sy = (sal + Bd)Tqb)_l .

In this case, mop = 0 and s 1 — oI, which simplifies to

-1
my = (¢T¢ + ZI> o7t

which is very similar to our ridge regression solution wrpr = (d)T(b + )\I)_1 o't

Here, « is the precision of our prior and 3 is the precision of the observed noise.
Once we have our posterior p(w|D), we can make a prediction t’ upon observing some new data x’:

p(t'|x’,D):/p(t’|x',w)p(w|D) dw

=N(t'| o) 'my o) Sno(a"))

mean prediction variance

= Ep(w|'D) [p(t/|xl7 W)]

min £(g) = ~Ey(,) [1ogp(D | w)] + Dy [q(w) || p(w)]

where (@ is set of probability distributions.

6 Logistic Regression/ Linear Classification

e Activation Function: The activation function used in logistic regression is the sigmoid function,
denoted by O'(Z) = m

e Nice Properties of Sigmoid:
—o(—2)=1-0(2)

— z=log (lfgz()z)) ("log odds”)

— 95 = 5(2)(1 - 0(2))
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Likelihood: The likelihood of the data given the parameters is

D|9 Hp n|$n, H Berntn yn H Yo (1 — (1 tn)

where y, = o(w? ¢(x,)) = p(t, = 1|z,) and ¢(x,,) is the basis function.
e Prior: The prior distribution over the weight vector w is a Gaussian centered at zero,

p(w) = N'(w|0,a~ 1)

e Maximum A Posteriori Estimate:

N
«
WMAP = argmm —logp(w|D) = Z tnlogyn + (1 —t,)log(1 — yn)] + EwTw
n=1 N——
regularizer

binary cross—entropy error/BCE

Loss Function: The cross-entropy error term encourages y, to match t,,.

Optimization: There is no analytical solution for w in logistic regression, so we have to use
gradient descent or other optimization techniques.
6.1 Gradient Descent in Logistic Regression

The update equation for gradient descent in logistic regression is given by:

Wit1 = Wi — NV L(w)

where 7 is the learning rate, and V,,L(w) is the gradient of the loss function with respect to the weight
vector w.
The gradient V,,L(w) can be computed as:

va(w) = Z(yn - tn)¢n + aw

where y, = o(w! ¢,) for classification, w? ¢,, for regression. Here, N is the total number of data points,
Yn is the predicted label, ¢, is the true label, ¢, is the feature vector for the n-th data point, and « is
the regularization parameter.

6.2 Softmax Function (Tut 2)
e Log Odds for class j against K classes:

(A

ij:U regresses towards z;

e Learning Weights:

e Probability of class j given the features x:

p(t = jlr) = p(t = K|z) - exp(z;)
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e Probability of class K given x:

1
p(t = Klz) =
1 —i—ZZ 1 exp(zz)
o Softmax Function: (2))
. exp(z;
pt=jlz) = g —
i exp(z)
¢ Weight Matrix W:
W= [wu) W)
e Vector of Probabilities via Softmax:
p(t = 1]z, W) wM Tz
: = softmax : = softmax(W ' )
p(t = K|z, W) wE) Ty

Perform MLE:

Now that we have a reasonable choice of the likelihood function p(t|x, W), we are now ready to perform
MLE. Using the maximum likelihood paradigm, derive an error function E (W) for the multiclass logistic
regression. You may keep any logsumexp terms in your solution without further simplification.

K classes:
p(t) = cat(t|p) = H,u w=p1,...,px)t, t=10,...,1,...,0]7 (one hot vector)

Let I be the indicator variable where

1[A] = 1 if A is true
0 if A is false.
Then we can rewrite
p(tn|zn, W Hp by = i|a,, W)=,

To see why, note that only one of the I[t,, = i] is true, for which the term p(t,, = i|z,, W) survives, but
the other terms j # 4 in the product are going to be raised to the power of 0 and be eliminated from
the product. Thus, if t, = ¢, then this product is just p(t, = i|x,, W). Notice this is the probability
mass function of the Categorical distribution, which is the multiclass generalization of the Bernoulli
distribution. The likelihood of observing D is

Iogp(D]W) = log H p(tn‘xna W)

N
= Z Zl[tn = 1] log p(t,, = i|zyn, W)

N K ex WT Tn
:ZZH[tn:i]log <ZK p( (i) T) )

g 1 exp(w ()xn)
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Notice that there is a log of a sum of exponentials in the denominator, which can be computed stably
with logsumexp function calls in machine learning libraries.

If we instead represent the event ¢, = 4 as a one-hot encoding t, € R® (note the bolded font to
differentiate t,, and ty,, apart) with value of 1 in the i-th entry and 0 otherwise, then the inner sum can
be rewritten as t,” logsoftmax(Wz). Here logsoftmax(WW ) refers to element-wise application of log to
the vector softmax(Wx). Thus

E(W) = —logp(D|W)
N
=— Z tn! log softmax(Wx,,)
n=1
Similar to logsumexp, the logsoftmax function is typical enough that it has its own dedicated function

call in PyTorch. As such, we shall leave the answer as is. Since this function is differentiable (i.e.
Vw E(W) exist), we can use gradient descent on (W) to obtain a good set of weights for our problem.
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7 Naive Bayes Model

7.1 Introduction

Let 8 be all the parameters of our machine learning model. In the discriminative probabilistic model, we
directly attack p(t|x, @). However, now we decide to rewrite p(t|x, 0) as % using Bayes’ theorem
and doing the math from there.

The intuitive idea about this rewrite is that in order to find the probability that an animal is a cat
given its length, 70cm, and weight, 4kg, and our model’s parameters (p(t|x, 0)), we can first find out the
probability that an animal is a cat (p(¢|@)), and then figure out the probability that the animal is 70cm
long and weights 4kg given it is a cat and our model’s parameters (p(x|t,0)). We ignore the denominator
as it is the same for all the animals.

This is why the model is called generative, as our model allows us to generate the features given the class

and the parameters of our model. Model: p(t, z|0) = p(z|t,0) p(t]0)
——

Class Conditional Distribution Class Prior

7.2 Derivation of Loss for Naive Bayes

We will now derive the loss function given the following assumption on the data and model. Similar
to the previous models we have seen so far, our data D = {(x,,%,)}"_; contains all the features and
their corresponding classes. For our model, we assume ¢ ~ Bernoulli(7) = 7'n(1 — )=t where 7 is the
probability that ¢ = 1. Next, we assume that if ¢, = 1, then x,, ~ N (1, %1). For example, we assume
that if something is a cat, then its length follows a Gaussian distribution with mean 70cm and weight
5kg with some variance. We do the same for ¢, = 0, i.e. p(Xy|tn = 0) = N (o, Xo). Following the trick
with Bernoulli distribution, we can combine both likelihoods as p(x,|t,) = N (1, £1)7" N (o, Xo) 7t
However, p(x,|t,) = N (1, 1) N (o, Xo)! 7 is too hard to work with, so we will use the Naive Bayes
assumption where all the features are independent from each other. In the cat example, we would be
assuming that the weight of a cat is independent from its length. From this example, we can see why
this is a Nalve assumption, however, in practice, it works well. Since the features are independent, we
can write

&

p(x[t,0) = | | p(z™]t,0) (1)

Il
—

m

Il
=

N (i, vf") (2)

3
I

where 2™ is the m'™ feature.
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We will now grind the math.

N
p(D|0) = HP(thn!@) (3)
n=1
N
= Hp(xn‘tnao) p(tn|0) (4>
n=1
N
log p(D|6) = log [ [ p(xnltn,0) p(tn|0) (5)
n=1
N N
= logp(ta|6) + > _ log p(nltn, 6) (6)
n=1 n=1
N
=S logrt (1 - 1+ g [ MGt o) (7)
n=1 n=1 m=1
N
= tylog(m) + (1 — t,) log(1 — ) +ZZlog/\/ ™ ol N (T i, o) (8)
=1 n=1m=1
N
= tnlog(m) + (1 —t,,) log(1 — )
n=1
+ Z Z tnlog N (2! |p"; 01") + (1 — tn) log N (27| g vp') (9)
n=1m=1
N
=> tn llog Z log N (x Iu’fﬂv’l”)]
n=1
+Z (1—t,) [log (1—7)+ Zlog/\/ \ug”‘,vg”)] (10)

where 2" is the i*? value of the m'! feature.
We want to maximise p(D|@) over € which is the same as minimising — log p(D|0) = L(0) over 8. Now

we need to find VoL£(6). As 6 contains the parameters 7, ul, ..., ud?, u(l), ey uéw vi, .. v{\/[,vé, e ,véw,
to find the gradient we will find the partial derivatives with respect to each of these parameters.
N N
oL(0 0
85? ) _ 5 [—Ztnlog(w) —) (1 —t,)log(1 —77)] (11)
n=1 n=1
N N
tn 1-1t,
— n 12
PO D - (12)
n=1 n=1
1 N N
=—— t 1—t 13
—— ———
N1 NO
Ny Ny
=—— =0 14
T 1—m (14)
Ny Ny
L 15
T 1—m (15)
— N1 — Nym = N07T (16)
N
> ML = -t (17)
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Equation (11) comes from equation (10) and ignoring the terms without .

oce) o | &
=—— =) tplogN(z)'|uf", v 18
o W_Z <|11>] (18)
B N m_, m\2
6 1 _(wn L1t)
=—— =) tylog——— 27 19
oy | 2B e ] (19)
o[ , G = )
==Yt n 20
opy” i Z Og\/27w1 207" (20)

Yt
z—zv%(w;”—uT)ZO (21)
n=1 1
N N
= Ztnmx = Ztnﬂgn (22)
= u Ztn—Ztm (23)

W—/
N1
1
n=
It can be similarly shown that ug'y,, = N%Zﬁ:l(l —ta)zyn's vy = 1\171 SN (@ ,L/ffML)2 and

N
oML = NLO Yot (I —tn) (2} — :ug?ML);

1y, is the mean of feature m of class ¢ in our data, and v}";; is the variance of feature m of class ¢ in
our data. Using our cat example, M% az Will be the mean length of cats in the data, /@ az Will be the
mean weight of cats, v% Az, the variance in the length and v% Az the variance in the weight.

7.3 Prediction

Given that we already have Oyp1,, the Maximum Likelihood estimate of the parameters, let’s consider how
to predict t* for a new input x*.

p(tlz™, Onr) o< p(z™[t, Orrr)p(t0rir) = H N(z*|w\pe, vivpe) | Bern[timavLe]

The conditional probability of t* = 1 given z* and 6y, is given by:

p(t* =1, 2*|60m1)
p(z*|0mL)

_ p(t* = 1,:L‘*|9ML)
p(t* = 1,$*|9ML) —|—p(t* = O,ZE*|9ML)

For p(t* = 1,2*|0ML), we can express it as:

p(t" = 1,2%|0mL) = p(t* = 1|OmL)p(z*[t* = 1, 0M1)

p(t* = l\x*,HML) =

= v - N (2| pamn, X1,ML)
Under the Naive Bayes assumption, we have:

M
N(z*| 1ML, ¥1m1) = H N(fE*’mWTMLaUTML)

m=1
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7.4 Extension 1: Multiclass Classification

In this extension, we consider a classification problem with K classes. Each t,, is represented as a one-hot
encoded vector. Example: If the n* data point belongs to class 2, then: t, = [0,1,0,...,0]
In general,

tn = [tnla tn2, - - - 7tnk]

Model: The probability of ¢, given € is modeled by a categorical distribution Cat[r], where 7 is in R¥:

= [m, 7o, ..., )T
Subject to:
K
dm=1, 0<m <1
k=1
Thus,
K
p(tn]0) = Cat[r H s fnk — 7 where tp, = 1
k=1
For p(xp|ty,0), we assume K Gaussian distributions, one for each class. Thus, we have w1, pa, ..., g

and 21, 22, Ceey Zk
The negative log-likelihood for all ¢,, is given by:

N N

K
long tn|0) = Zlogp tn)0) = Zlogf[w”’c = ZZ ok log Ty
1 k=1

Ag(x), f(x)is negative log-likelihood, g(x) = fozl(wk -1)

Constrained Optimisation: L(my, \) = f(z)+
:0:> ]g:)\znlnka)\ N

as by definition g(z) = 0 = Solve VL

7.5 Extension 2: Non-Gaussian Features

In this extension, we relax the assumption that the features have to follow a Gaussian distribution. Given
that the second term of p(t,|0)p(xy|tn, ) can be written as:

b xnatm H p ‘tm

the distribution p(z]'|t,, ) does not necessarily have to be Gaussian.
For example, if the feature represents the number of rooms, we can use categorical data instead of
assuming a Gaussian distribution.

7.6 Extension 3: Missing Data

As we assume independent given class t,

palt,0) = [T N u, o)

If feature is missing, just drop the product

p($observed|t7 9) = H p(xm|t7 9)

MEobserved
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8 Connection between Naive Bayes and Logistic Regression (Tut3)

Multiclass logistic regression:

Case: K=2

1+ exp(w'z)

where w = w) — w(y)

Let us apply Bayes Rule to p(t = 1|x) to introduce the generative term p(x|t = 1):

_ plzlt =Dp(t =1)

p(t=1lx) = 25
( ) S (@, 1) (25)
p(x[t = 0)p(t = 0) + p(x|t = 1)p(t = 1)
1
— 27)
p(@](=0)p(i=0) (
L+ @i=npi=1)
1
= (28)
t=0 z|t=0
1+ exp (log ﬁgtzlg + log igzitzlg)

Let £ € RM. We assume the setup in naive Bayes where

M
plt =j) = [ N(@mlufyy,v™)
m=1
that is, the features of x are i.i.d. The two classes have distinct means {pf*}M_, and {p*}M_,, but shared
variances {v™}M_,. For the prior over ¢, we assume a standard Bernoulli distribution p(t) = #*(1 —7)! .
Let us try to simplify the denominator in the expression of Equation 1. Clearly, the first term is

p(t =0) 1—m
log—/——= =1 .
®pi=1 " % x
Then, the second term is
(z*=pp)*
" exp (— 5,7
lOg p(x’ ) — IOg ( 12 - 2) (29)
plaft=1) G exp (- 20
v —pp)? (@ p)?
= 1 — : .
Ei: 0g exp< g (30)
(@' —pp)® | (@ —py)°
= 1
- ( 20" * 20 (31)
. iN2 ()2
Z (Mo Mlxz + (11) '(M ) ) (32)
vt 20?

We simply compare terms based on the order of 2° between
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1
pLr(t = 1|x) = —
( ) 1+ exp(w? + Zi’il what)
and
1
pNB(t = 1|m) =

1+ exp (logl_T7T +3, W +Y, #xﬁ

In other words, logistic regression and naive Bayes with Gaussian features share the same form. The
weights learnt in logistic regression are related to the Gaussian parameters learnt in naive Bayes as given
below.




CS3264 Collaborative Course Notes ; _; Page 18

9 Bias Variance Decomposition

9.1 Introduction

Recall that in CS2109S, we have learnt that under-fitting of the model results in high bias, while over-
fitting results in high variance. In this section, we will decompose the generalisation error, which is the
loss function, into its bias and variance components and see how we can represent the bias and variance
mathematically.

9.2 The Decomposition

We begin by assuming that we are using mean squared error, but we can show similar results using other
types of error. So we have £(x,t,D) = (y(x,D) — t)? where y(x, D) is our prediction function or model,
which makes use of data and the features of the thing we want to predict. We want to find the expected
value of our loss function.

IEp(x,t) p(D) [£<X7 t, D)] = E[(y(X7 D) - t)2] (33)
— El(y(x, D) — §(x) + §(x) — 1)) (3)

(5(x) — )] = 2E[(y(x, D) — 5(x))(y(x) = 1)]  (35)

variance =0, will show later
= E[(y(x, D) — 5(x))*] +E[(y(x) — #(x) +1(x) — t)°] (36)
variance a b
= E[(y(x, D) — 5(x))*] + E[(3(x) — #(x))*] + E[({(x) — 1)*]
variance bias noise
+2E[(5(x) — t(x))(t(x) — 1)] (37)
=0, will nt;trshow later
= Exp[(y(x, D) — 5(x))?] + Ex[(5(x) — £(x))?] + Ex¢[({(x) — t)°] (38)
variance bias noise

For equation (33), we are finding the expectation over all possible data sets, the features x and measured
output values t. Equation (35) and (37) come from expanding (a + b)? = a? + 2ab + b with the a and b
in equations (34) and (36) respectively.

g(x) is the expected value of y(x, D) over all possible data D, and #(x) is the expected value of ¢ for a
specific set of features x.

The variance is the mean squared difference between the model’s output given a fixed data set and the
expected model output over all data sets. This corresponds to the variance we have seen in CS2109S as
over-fitting results in our model predicting wildly different results depending on the data we are given.
For bias, we have the mean squared difference between the average prediction of our model over all data
sets and the average measured actual output which we need to predict. A model that under-fits would
result in high bias as the average model is unable to predict the results well. Finally, noise is the mean
squared difference between the expected actual output and the output we measure, a component which
we are unable to reduce.
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We now will show the result which we promised to show in (59).

Epx,) p0) [(4(%, D) = 9(x))(7(x) = )] = B,y Ep(p) [(y(x, D) = §(x))(5(x) — )] (39)
= Epxt) [ Epp)[(y(x, D) — 5(x))] (5(x) —1)] (40)
= Epxt) [(Epp)ly(x, D) =5(x)) (5(x) — )] (41)
y(x)
= Epx,p[(0) (7(x) —1)] (42)
=0 (43)

In equation (39) we split the expectation over p(x,t) and p(D) to be the expectation over p(D) first
followed by expectation over p(x,t). In equations (40) and (41) we bring in the expectation over p(D) as
no other terms depend on p(D).

We now do a little lying and show the result we promised not to show later. First we notice that
Epx,)[t] = Epx) [£(x)] by the definition of #(x).

e The expected value of t given x is defined as:
) = [ tp(th) dt = Byt
e Similarly, the expected value of y(x, D) over all possible datasets D is:

M@Z/ﬁmﬂmwtzﬁmmeﬂ

10 PAC

10.1 Introduction

The PAC framework is a theoretical model that defines conditions under which learning is feasible. In
the PAC setting, the goal is to find a hypothesis that is approximately correct (within some error €) with
high probability (at least 1 — §), assuming that the hypothesis space H is finite.

10.2 Is Learning Probable?

In the PAC learning framework, one of the key questions we ask is whether learning is probable. Specif-
ically, we want to bound the probability of a "bad event” where the error of the hypothesis selected by
the learner deviates significantly from the true error.

P(Bad event) < § (47)

10.3 Hoeffding’s inequality

Suppose we are working with a dataset D = {21, 29,...,2n} of size N, where each z; is drawn from a
Bernoulli distribution with unknown parameter p, i.e., z; ~ Bern(u)

The goal is to estimate p using the empirical mean [, which is the average of the observed data. We
want to know how close [y is to the true parameter u. Specifically, we want to bound the probability
that the absolute difference between iy and pu is larger than a given tolerance e:
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P(lan —pl>¢) (48)

To bound this probability, we can use Hoeffding’s inequality, which provides a concentration bound for
the sum of independent random variables. Hoeffding’s inequality states that:

P (v — pl > €) < 2exp (—2N¢?) (49)

This inequality tells us that the probability of the empirical mean deviating from the true mean by more
than e decreases exponentially with N, the number of samples, and €2.

e As N increases, the probability of a large deviation decreases (i.e., learning becomes more probable
as we get more data).

o As e decreases, the probability of a large deviation increases, as we require the estimate to be more
precise.
10.4 Developing a Bound for a Given Hypothesis y

We aim to bound the probability of a "bad event” where the empirical error Lp(y) deviates from the
true error L,(y) by more than e. Formally, we want to ensure that:

P(|Lp(y) — Lp(y)| > €) < 9y (50)
where ¢, is the failure probability.

e True error L,(y) is the proportion of incorrect classifications over the entire distribution.

e Dataset error Lp(y) is the observed error on the dataset D.

The true goal is to minimize the difference between these two quantities. To do this, we use Hoeffding’s
inequality to bound the probability of large deviations. Using Hoeffding’s inequality, we bound the
probability that the empirical error Lp(y) deviates from the true error Ly,(y) by more than e:

P(|Lp(y) = Lp(y)| > €) < 2exp (—2N€?) (51)

As the number of samples IV increases, the probability d, decreases. Conversely, as € decreases (i.e., we
require more accuracy), d, increases.

10.5 Developing a Bound for All Hypotheses y in the Entire Hypothesis Space H

The above process is only good for verification, i.e., finding the bound for a given y. This is not what we
do at the start of the machine learning process, where we instead seek to show that:

For the problem we are trying to learn, the hypothesis y that we will eventually obtain will be bounded by
€ with probability at least 1 — 6.

Our learning algorithm selects the hypothesis with the lowest Lp(y). However, for simplicity, we reduce
the problem to finding the probability that at least 1 hypothesis in H satisfies

|Lp(y) — Ly(y)| > €

Hence, we want to bound the probability that any hypothesis y € H results in a large deviation between
the empirical and true error. The problem can therefore be formulated as finding a bound for the following
probability:
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P(3y € H,|Lp(y) — Ly(y)| > ¢€) (52)

Using the union bound, we can decompose this probability over the set of hypotheses:

P@Ey e, |Lp(y) — Ly(y)| > ) < ZP(!LD(%) — Lp(yi)| > €) (53)

Each of these probabilities can be bounded using Hoeffding’s inequality:

P(ILp(yi) — Ly(yi)| > €) < 2exp (~2Ne?) (54)

Thus, the overall bound becomes:

P (3y € H,|Lp(y) — Lp(y)| > €) < My - 2exp (—2N€?) (55)

To ensure that the probability of a bad event is smaller than §, we need the number of samples N to
satisfy:

1 2 My
> -
N> o5 < 5 ) (56)

Thus, if we choose N according to this inequality, the probability that the empirical error deviates from
the true error by more than e will be less than §.

Note that as the number of hypotheses in the hypothesis class My increases, the probability of finding
a hypothesis with low Lp(y) increases, but L,(y) remains the same. Thus, a larger N is required to
maintain the same bound. This is related to overfitting.

10.6 Limitations

One limitation of this conceptual tool is that it is built upon the assumption that the hypotheses class
is finite in size, which is not necessarily true. Another is that the PAC bound is very loose because no
assumptions are made about x or y. This makes it more general, but can make the required N far higher
than actually needed in practice.

11 Neural Networks

11.1 Neural Networks as Adaptive Basis Functions

Consider a multi-layer perceptron (MLP) with a single hidden layer with a non-linear activation function
h. Suppose our data is in the form of {(x,%),}n. Then the neural network can be written as y =
W h(W{'x), where W are the weights to obtain the hidden layer, and W5 are the weights to obtain the
output. ff Notice that this form is similar to linear regression, which has the form of y = W7 ¢(x). In
fact, h(W{'x) can be thought of as an adaptive basis function, where the weights W are the parameters,
6, of the basis function, ¢g(x).
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11.2 Backpropagation

Backpropagation is a technique to optimise the weights of neural networks through a series of local
computations. The principle idea is that % = 0rpZ; where J; refers to the error signal at the tail
neuron and z; refers to the input at the head neuron . Suppose there is a hidden layer a; such that
zj = h(aj) and aj = Y, wj;.z;, then by using chain rule,

o Ol bay
5wji N 5(1]' 5wﬂ
ol day,

—_— 2z
A (5ak (50,]‘

= Z 6kwkjh/ (CLj)Zi
k

where 0y, refers to the error signal for the k'th head attached to aj. This process results in an efficient
process for weight updates ad d; and z; can be reused

11.3 Gradient Descent

Recall the algorithm for gradient descent.

Algorithm 1 Gradient Descent
1: Initialize wq
2: while termination condition not met do
3: Wil & Wi — N VwL(Wg)

We will now show why gradient descent works. Assume our loss function £(w) is L-smooth. Then, by
definition, we have
[IVL(w) = VL)

[w — vl

<1,
which is equivalent to (proof omitted, just trust prof)

[u" V2L(w)u| < Lfull,

where V2£(w) is the Hessian matrix and

oL oL
ow? T Owiwg
ViL(w) = | S
oL oL
Owgquwr "7 ow?

where d is the length of the w vector.
Next, we have the Taylor’s theorem, which states that 3¢ € R such that

q"(&)

T x0)?

g(x) = g(wo) + g'(z0)(x — z0) +

9(x) = 9(x0) + o/ (x0)" (x — x0) + 3 (x — x0)" g(6) (x — 0)

for vectors.
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Assuming a constant learning rate 7,

1

§(Wk+1 —wi) 'VEL(E) (Why1 — Wy)

= £lwy) + VEw) (~aVE(wR)) + 5 (-1 L(wi) VAL (VL ()

L(Wit1) = L(wi) + VL(W) T (Whi1 — Wi) +

= L(wy) — nVL(wR) Y L(wy) + %nZVE(Wk)TVQ,C(f)VE(wk)

2 772L 2
< L(wr) = VLRI + L2 VL)

The first line uses Taylor’s theorem, the second line uses definition of gradient descent, and the fourth
line uses the second definition of L-smooth.
Choosing n such that nL < 1, we can show that

1
L(wg) = L(Wk41) = 577||~C(Wk)|\2-
Furthermore, we can show that

. 2(L(wy) — L7)
L 2 A 2\A\TR) =)
ke{é,ril,.r.l.,K}Hv (wg)]|” < DI ,

so as K increases, the gradient decreases, and the loss will converge.

11.4 Stochastic Gradient Descent

By further assuming that E[||VL(w)||?] — || VL(w)]||?> < o2, or the variance of gradient samples is bounded,
we can show

K—
2(L(wg) — L") no?L
— <
K Z IV£(w - nkK + 2
k=0 ~——
“noise ball”

This shows that there will be a region which the stochastic gradient descent will converge to, rather than
a point.

11.5 Tutorial 6 (Gradient Descent and Stochastic Gradient Descent)

11.5.1 Gradient Descent

Assume that f”(w) < L by some constant L > 0. Recall that Taylor’s Theorem states that for any
function g : R — R that satisfy some conditions, there exist € € R such that

h'(e) 2

h(z) = h(xg) + 1 (z0)(z — x0) + 5 (z — o)
Hence, from Taylor’s Theorem we have:
) = Flun — of ()
= () o (o + L ) 2
< ) = af () + 2 w)?
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Rearranging the equation and suppose a < 1/L,

al

Flwe) = f(wesn) = a(l = =) f (w,)?
>« <1 — (1/L2)L> f,(wt)Q
_ af'(w)?
2

Rearranging the equation we have f’(w;)? < 2(f(wi) — f(wis1))

Let f* = min,, f(w) be the optimal value of f

o T-1 a 9
O3 P < 53T = (flwn) — fwin)
t=0

t=0
= f(wo) — f(wr)
< f(wo) — f*
Observe that we have
=
. / 2 / 2
eqdmin_ fw)’ < 7 ; £ (we)
_ 2(f(wo) — f%)
- oT

11.5.2 Stochastic Gradient Descent

Now, we’ll do the same for Stochastic Gradient Descent. At each step t, we update the weights us-
ing the formula w; 11 = wy — agr where g; is a stochastic gradient (i.e. a random variable) satisfying
E[gi|wi] = f'(w;) and E[g?|wy] < o? for some 02 > 0

Using the update equation and Taylor’s theorem, we have:

2 2
Flwisn) = flw — ag) < flwr) - af (wg + 25
Taking conditional expectation w.r.t w; on both sides, we have
2,2
B ()] < () — of () Blg] + “2 T
2 2
< flw) — af (w)? + 25
Rearranging, we have
Elf (we) — flwer1)] = E[E[f (we) — f(wis1)|we]
, 5 a?0?’L
2 B | flwe) = fwe) +af (we)” = —

o202l

= aE[f'(w:)] — 5
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Summing over both sides, we have

T—1 T—-1 Oé20—2
a;E[f’(th] < 2 (E[f(wt) — Jlwi)] + = L>
T-1 202
= D _(Elf(we)] = E[f (we1)]) + 2LT
=0
< flwo) — f a2a22LT

. E ! 2 < -
el B (e < 7

11.6 Convolution

Convolutions are sparse, if we convert a convolution into a fully connected linear layer, most weights
will be 0. There is also parameter tying or weight sharing, where many weights in the equivalent fully
connected linear layer would share the same weights. Finally, convolutions are equivariant to translations
but not rotations. A function f(z) is equivariant to another function g(z) if f(g(z)) = g(f(x)).
Convolutions are usually accompanied by max-pooling, which makes feature detection more robust to
minor perturbations.

11.7 Transformers

RNNs have the following advantages:
1. Handles variable-length sequences
2. Maintains order information
3. Scalable due to shared parameters
However, they also suffer from the following disadvantages:
1. Exploding and Vanishing Gradients
2. Memory Encoding Bottleneck (where memory from older words are “forgotten”)
3. Tterative update is slow as it cannot be parallelized

These issues can be solved using transformers. The following are the steps for the transformer layer.

1. Compute positional embeddings. Each word is given an embedding, and the positional em-
bedding of each word is its embedding 4+ a number to encode its position.

2. Compute Query, Key and Value matrices. Using the positional embeddings E and learned
weights Wq, Wi, Wy, we compute the query matrix Q = E' x Wg, key matrix K = E x Wk and
value matrix V = E x Wy,

3. Compute attention weights. The attention weights S = softmax <%) is computed, where
dg is the dimension of the output.

4. Extract features based on attention. The output of the transformer layer would be O = S x V.
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12 Kernels

Kernel functions are ways to implicitly compute the similarity between two feature spaces. This trick
can be leveraged in dual representations to define non parametric models.

12.1 Non-parametric Linear Regression

Consider y(x) = w'¢(x) and L(w) = 3> (W' p(xn) — tn)2 +AdwTw

Setting VwL(w) =0

= Z andn = d'a
Then, the model can be rewritten as,
y=w'o(x)
= (27a) o0
=a' ®¢(x)
= Z an¢(xn)T¢(X>

Similarly, the loss function can also be written in terms of a and K = ¢¢' by replacing w with ®'a

resulting in,
1 1 A
L(a) = §aTKKa —a Kt + §tTt + §aTKa

12.2 Valid Kernels

For a Kernel Matrix K to be valid, it must be symmetric and positive semi-definite. Therefore,

k(xi,x;) = ¢(Xz’)T¢(Xj) = ¢(XJ)T¢(Xi)
v Kv >0 forallveRY)\{0}
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Given valid kernels k1 (x,x) and ko(x,x’), the following new kernels will also be valid:

~

o

ck1(x,x)
FEOk1(x,x") f(x')
q(k1(x,x))

= exp(k1(x,x))
k1(x,x") + ka(x,x")

= kl (Xv X/)kQ (X7 X,)

R T T
MMM MMM MM XN
I

o

~

o

~

™

~

x

~

F

~

F

~

™

~

N~ o~ N A~ ~

= ka(%q,X'a) + kp(xp, X'p)
k

a(Xaa X,a)kb(xba le)

x>

where ¢ > 0 is a constant, f(-) is any function, ¢(+) is a polynomial with nonnegative coefficients, ¢(x) is
a function from x to RM, k3(-,-) is a valid kernel in RM A is a symmetric positive semidefinite matrix, X,
and x; are variables (not necessarily disjoint) with x = (x4,%3), and k, and k; are valid kernel functions

over their respective spaces.
Gaussian Kernel: I 2
X —X
k N=e -
) = (12 2)

For a function k(x,x’) to be a kernel, there must exist some basis function ¢(x) such that k(x,x’) =
#(x)To(x'). Also note that kernels must satisfy k(x,x’) = k(x/,x) and k(x,x) > 0.
12.3 Lagrangians
Suppose we have an optimization problem in its standard form
minimize fp(x)
X

subject to fi(x) <0 forallie {1,2,...,m}
gi(x) =0 forallie{1,2,...,n}

We can then obtain the Lagrangian
LA, v) = fo(x) + Y Nifi(x) + Y vigi(x).
i=1 i=1

where each of \;,v; are Lagrangian multipliers for each of our constraints above. Now consider the
Lagrange dual function

LA, v) = ir)lfL(x, Av) = igf (fo(x) + Z Aifi(x) + Z Vigi(x)>
i=1 i=1

The Lagrange dual function has the property that if A; > 0 for all 4, then it is always a lower bound
for the primal problem. Let the optimal value to the primal problem (min fy(x)) be p*. We then have
LA, v) <p"if A>0.

Therefore, instead of attempting to minimise the primal problem, we can instead maximise the Lagrangian
Dual to obtain a “lower bound”, thus formulating the dual problem as

maximize L(X,v)
AV

subject to A\; >0 forallie {1,2,...,m}
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Let d* denote the optimal value to the dual problem (max £(\,v)). By the lower bound property of the
Lagrange dual function, d* < p*. This is known as weak duality. Furthermore, if fo and f; are convex
functions and g; are affine functions (g;(x) = a;-x—b;), and Slater’s conditions are satisfied, then d* = p*.
This is known as strong duality.

Karush-Kuhn-Tucker (KKT) conditions. The KKT conditions are a set of conditions that a set of
possible primal and dual variables x, 5\, v may or may not hold.

1. Primal feasibility: f;(Xx) <0 and g;(x) = 0.
2. Dual feasibility: A > 0.
3. Complementary slackness: \;f;(X) = 0.
4. Vanishing gradient: VyL(x, A, ) =0 at x = X.
KKT and optimality. Here are two facts relating KK'T and optimality of the primal and dual problems.
1. If strong duality holds and (X, 5\, v) is optimal, then KKT conditions must hold for (x, 5\, v).

2. Let f; be convex for all i € {1,2,...,m} and g; be affine for all i € {1,2,...,n}. If KKT conditions
hold for (%, A, ), then (X, A, ) is optimal with strong duality.

13 Tutorial 9: Multivariate Gaussians

Conditional Gaussian Distributions

Condition: Variables x, and x; must be jointly Gaussian.

Xp

x:rﬂ~Nmm=NwAﬂ

Using Precision Matrix A

Aaa Aab:|

Apa Awp

Note: Ny, is the top-left block of the inverted matriz, not (Xaq) L.

Definition: A =X ! = [

Bap = ta — Mgy Map (x5 — 1)
2a|b - A;al

Using Covariance Matrix X

Eaa Zab:|

Definition: X =
|:Eba Yph

Halb = Ha + EabZ&} (Xb - Hb)
Ea|b = Xaa — Eabzﬁ,lzba

Univariate Case

This is the scalar application of the Standard Form.

Covlt, ]
W(ﬂﬁ )

Covlt, z]?
Var|z]

Elt]] = pu +

Varlt|z] = Var[t] —
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13.1 SVM

SVMs are a type of non parametric classifier where the goal is to maximise the smallest distance between
the decision boundary and any sample.

e Data: D = {(xp,t,)}Y_,, where t,, = +1

n=1
e Model: y(x) = wlz +b

e Assumption: Vn, t,y(x,) >0

13.2 Quadratic Program

The loss function can be easily written in the form

This can be shown given by the fact that r, the distance between a point and the decision boundary, can
be written as follows,
x
r= |y( )|atny(xn) >0
I
tn(W xp +b)
[w]

However, this loss function above is hard to optimise. Instead, it can be written in the form,

1
minf\|w\|2
w,b 2

such that t,(wlz, +b) > 1forn=1,..,N
Step 1: Eliminate the “min”
1. Consider w — kw and b — kb.
2. Set t,(w”z, +b) = 1 for points closest to the boundary
3. Tin = 1/|[w]
4. impose the constraint that V(x,,t,) € D, t,(w xn +b) > 1
1

. D S D - . 1 2
Step 2: Invert mor: Mz = MMy 5| |[w]|

This results in an equation that can be solved using a Quadratic solver

13.3 Applying Lagrange multipliers

The quadratic program can be written as a Lagrangian with the following form

N
1
L(w,b,A\) = 5||w||2 + ) A (1= ta(w xp, + D))

n=1

By taking the derivative w.r.t w and b, and setting them to 0 we get,

N N
w = z:l tnAnX, and Z Antn =0
n= n=1
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Substituting w into the Lagrangian results in the Lagrange dual function for the SVM primal

{fol A= 3N SN bt A Amxt X if SN At = 0,

L(A) =inf L(W,b,A) = .
—00 otherwise.

w,b

The Lagrange dual is always a lower bound when A; > 0 Vi. Hence, by maximising the dual, we can find
the tighest lower bound for p*, the optimal solution for the primal problem.

14 K-Means Clustering

K-means clustering is an unsupervised learning algorithm that partitions data into K clusters by itera-
tively assigning points to the nearest centroid and updating the centroids accordingly.

e Data: D = {z,})_,, v, €R
e Model:

— Assume K clusters
— Cluster centers {ug}5_,, up € RP
— Assignment {r,}Y_; of z, to cluster k, 1-of-K encoding. 7,1, € {0,1}Vk =1,.., K

o Loss: ming—{r, 17 (6)

Algorithm 2 K-Means algorithm

1: Initialization Randomly choose some initial values for {uy}
2: Assignment Fix {y;}. Optimize each r, separately for each x,. Assign each point to its closest
cluster

argn;iannk |lzn — ux||>  subject to Zrnk =1
k k

1, if k= argmin; ||z, — u;%
T'nk =
0, otherwise.
3: Update Fix {r,;}. Optimize each pj separately. Set each cluster center = average of points in the
cluster

arg miannkan — ug||*  subject to Zrnk =1
77— 3

Zn T'nkTn

Zn Tnk

Ly =Y 20 — pir) 20— =
n

4: Repeat 2 and 3 until convergence

J(9)

N K
min ZZrnkan — ugl|? , such that Zrnk =1

O={rn.pux} 7 171 k
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15 Mixture Models

Mixture Models are generative models similar to Naive Bayes, in which we find p(¢|x, @) through %)wgtlo).

However, in this case, each of our targets ¢ are a probability distribution which can be Gaussian, Expo-
nential, Binomial etc., and we do not know our labels ¢ since we are performing unsupervised learning.
Let’s assume we have K different probability distributions as our targets. We first start by introducing
a K-dimensional binary random variable z having a 1-of-K representation in which a particular element
zi is 1, and all other elements are 0. This means that each vector z has K possible states. Let us also say
that z ~ Cat(7), where 7 refers to a vector of probabilities for each class. Then, we can succinctly write
p(zn) =[], 7" due to the one-hot encoding of z, and the notational trick which we have introduced
earlier.
Now, when we first sample some x,, from the dataset, we need to first sample a cluster z,, from which we
will derive x,. Specifically, each x,, is obtained using

panlzn) = [T Nl Si)
k
assuming the underlying distributions are Gaussian in nature. Using the product rule, we can write the
joint distribution for each of our (zy, z,,) pairs in the data as
p(xn, Zn) = p(xn‘zn)p(zn)

= [T Nl e, S
k

To extract out z,, we marginalise over all possible z, to give us

Ty) = Zp($n, Zn)
Zn
= > [T (@l s, S
Zn k

= 7N (nl i, Si)
k

where 7, are our mixing coefficients, giving rise to the “mixture” of distributions. Clearly, our model
parameters 0 = {7y, g, Zk}szl because we need to have our model distributions and respective proba-
bilities to create our mixtures. Let us attempt to learn this @ by MLE:

O = arg maxlogp(D|0)
0

N
= arg maxlog H p(x,]0)

n=1
= log !Z e N (2n] i, Ek)]
n k

We find our ideal parameters using differentiation. First, let’s handle uy. Skipping the derivations, we

arrive at N )
Tk T |Hks 2k —1
V.. L= Y (wn —
o ZZkaN (T, Z) ~* (= i)

T N (T | a5k )
Dok TN (@0 | g, Xk
a particular cluster k. It is, in essence, a “soft assignment” to a particular cluster, and equivalent to

where the responsibility term ~(z,x) = j is the probability that the point x,, comes from
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p(znk = 1|xy,). Further solving the derivative, we get uy = Nik Zgzl Y(2nk)xn where N = > y(znk). Ni
refers to the number of points belonging to a cluster k as z,; = 1 if the point is from &k and 0 otherwise,
S0 g gives us the “weighted average” of all points belonging to cluster k.

But let’s stop here: Note that our 7y(z,r) requires us to know some pj and 3! This results in a
chicken-and-egg problem: We cannot seem to solve for @y;rr in closed form because of these circular
dependencies. To move forward, we need to make use of the EM algorithm.

16 EM Algorithm

The general EM algorithm allows us to find the probability of X, Z where Z are latent (unseen) variables
in the dataset, with respect to a external parameter choice 8. It works as follows:

Algorithm 3 General EM algorithm
Input: Joint distribution p(X, Z|0)
Result: Maximize the likelihood p(X|@) with respect to 6
1: Initialize parameters 0 X
2: E-Step. Compute the distribution p(X,Z|€) and formulate

Q(ea é) = EZNp(Z|X,é) [lng(X, Z‘el)]

3: M-Step. Evaluate 8 = arg maxg Q(6, )
4: if @ and 6 are close then

5: return 0

6: else

7 set =6

8:

repeat from step 2

Let’s begin by first writing the log-likelihood of the data, log p(X|0). We massage this term by introducing
a new distribution ¢(z) and marginalising over it to get

log p(X16) :Z q(2)log p(X6)

B ) ) p(Z1%,0)
=2 lg{ X103 pzx, BJ

p(X, 2|6) a(2)
= Z log o) —i—Z ) log 2(Z]X.0)

by rearranging and bringing in of the log.

We call the left term before the addition (+) the ‘lower bound’ or ELBO L(q, 0), and the right term the

KL divergence D[q||p]. In the E-step, we fix our 8 and optimise ¢, and in the M-step we fix our ¢;41 and

optimise 6.

Specifically, to maximise £(q,0), we first fix 6; and find ¢ +1 = argmax £(q, 0¢), then we fix ¢;11 and
q

find 0,41 = argmax L(qs+1, 04).
o

For the first step, notice that log p(X @) is constant with respect to g. So instead of increasing our ELBO,
we can instead minimise the KL divergence (which is always positive). A property of the KL divergence
is that it is minimised when the two distributions p and ¢ are identical - so we simply set ¢ = p in this
case. This gives us ¢q(z) = p(Z]X, 0;), which is what we are doing in step (2) of the EM algorithm.
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For the next step, we try and find our new parameters 8;1. Substituting our ¢ with p, we get

L(g,0) =) q()log ]9()2,(ZZ)|0)

p(X,Z|0)
p(Z]1X, 0;)

z

=> p(Z|X,6,)log

= Zp Z|X,0,)logp(X, Z|0) + Zp Z|X,6,)logp(Z| X, 6;)

We note that the term on the right of the (4) above is the entropy of Z, and is constant w.r.t 6,
so we exclude it from the optimisation problem. On the other hand, the left side can be written as
Ezp(z|x,6,) log p(X, Z|0)] which is our Q function in step 3 of the algorithm!

16.1 Using it in practice

Consider the GMM case. Observe that p(X, Z|0) = Hivzl Hszl " N (xp |k, i) *n#. Then, by the EM
algorithm, we need to find new parameters 8 to maximise

Q(07 é) = EZNp(Z\X,é) [logp(X, Z|0)]

N K
=By pzx.6) [lOg H H T N (2 | g, Ek)Z”’“]
n=1k=1

By p(zx.6) [Z Znk(log T + log N (x| ik, X))
n=1k=1

N K
= ZZEZNP(Z‘XG [2nk](log Tk + log N (2 |k, Xk))
n=1k=1

as only z,; depends on the latent variables Z. To evaluate p(Z|X, é), we first observe that

—=
=
=
3
=

p(X|6) =

S
Il
—

P(Tn, 2ok = 1/0)

1
=0
M= 10

>

1N (T fure, ).

I
=

S
I
—
b
Il
—

Then, through Bayes’ rule, we have

X A 9 H :En“Lk,Ek)Z"k
n=1

X‘G ] 17 (wnlup i)
If we use the definition of expectation,

Ey.p(zix,8)2nk] = P(zak = 11X, 6)

TN (| e, i)
>k TN (20| e, Bi)

W(an)

as we want to find the expected probability of x,, belonging to class k. Finally, we arrive at Q(8, é) =
SN S Y (2ak) (log T, + log N (22| pk, B)) and we are done!
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16.2 Finding the next iteration of 6

Recall that the responsibility term ~y(z,;) depends on some fixed, non-updated parameters ; from step
1 of the EM algorithm. So, if we want to find updated parameters 8’, we only need to differentiate with
respect to the new parameters which are assigned to the distributions: pg, > for Gaussian, and A, for
exponential.

16.3 Exponential Mixture Model

Let K be the number of mixture components. For each n € {1,..., N}, we model the latent variable z,
as a categorical distribution with parameter @ € R¥. Given that the n-th point belongs to the k-th com-
ponent (i.e. zpr = 1), we model the M-dimensional observed variable x,, as an exponential distribution
with parameter A\, € RM where we assume independence across the dimensions, i.e. we can factor the
distribution p(x) = pnp(Tpm) With p(znm) = Exp(Agm). The set of parameters 8 = {m, {\s} 5|}

(X, Z|0) = Hp (€, 2n|0)

N K M Znk
T ( 0 Exp(xnmukm))
k=1

n=1 m=1

We begin by finding the marginal:

=

p(X|0) = ] | p(xx0)

3
Il
—

I
=

P(Xn, znk = 1[6)

3
I
M= 11

M
Tk H EXP xnm‘)‘km)

I
=

n=lk=1 m=1
By applying Bayes rule, we have
p(X, Z|6)
p(Z|X,0) =
p(X|0)

Znk

1 T (mo T Exp(am ) )
ij1 Uy Hm:l EXp(l"nmp‘jm)

n=1

Substituting the terms into the definition of Q(8, 8), we have
Q(G,H) = zwp(z\xﬂ) [logp (X Z‘ )]

Zen@/%0) | log H H

n=1k=1

K
= Ez~p(Z\x,é) Z Znk <log Tk + Z log Exp(xnm‘)\km)>]

=E

M Znk
Tk H Exp( :cnm|)\km)> ]

m=1

Ln=1 k=1

[N K
- EZNp(Z\X,é) Z Z Znk | log my, + Z log Akm — )\kmxnm)>]

Ln=1 k=1

N
= Z ZEZNP (ZI1X.0) [2nk] | log mi + Z log A — )\kmenm))

n=1k=1
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Thus, it suffice to find the expectation of z,; with respect to p(Z|X, 6). In particular, we have:

- M \
B pzix gy [2nk] = T L EXp(w”m’/\kWi)
~p(ZIX.0) S 75 Ty Bxp(@nm | Ajm)

= V(an)

Hence,

N K
Q(6,0) = Z Z’y (2nk) (log T + Z (log Ak, — )\kmxnm)>

n=1 k=1 m=1

To find the updated Mg, we take the derivative of @ with respect to A, set it to 0, and solve it.

km
N
)\ Z'V an; Z (an:)xnm
km n=1 n=1
N —1
Ny, 1
= Apm = = — ¥(znk)x )
m 27]1\[:1 ’)’(an)xnm (Nk nzl n nm

To find the updated 7y, we need to apply the Lagrangian. The derivation is exactly the same as GMM.
In particular:

vﬂk<Q+u<ém—1>> ZWW v =0

n=1
Ni
—— Mp = ———
v
K K Nk
Sr1--5
v
k=1 k=1
— v=-N
1 N
— ﬂk_Nz:ly(znk)
n—=

17 Variational Autoencoder (VAE)

17.1 Data, Model and Loss
We first define the data and model in the context of the VAE:

e Data: D = {(x,,)})_, is a set of all inputs x (e.g. a dataset of images).

n=1

e Model: Similar to the case of the Gaussian Mixture Model, we have a Data Generator and a
Learner. For each data point, the Data Generator samples the ”latent code” z, ~ N(0,I) and
samples features xn, ~ N (x,|fs(2,),0%I) where fp is a neural network with parameters . The
Learner tries to learn the parameters 6 given only the x,’s, making this an ”incomplete/missing
data” problem.

We can then define the joint probability distribution used by the Data Generator.

N N
Z) = Hp@(xn)zn) = Hp (Xn|zn p9 Zn H N xn’f@ Zn) o I) (Zn;OuI)
= n=1
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Now, we use MLE to derive the loss for VAE. We want to maximize logpg(X). We find that the
marginal pp(x,) = [, Po(Xn,2n)dzn = [, N(xu|fo(2n), 0*I)N(2s;0,T)dzyn which is difficult to compute
and maximize directly. Hence, we can maximize the lower bound/ELBO instead:

logpe(X;6) = L(q,0) + Dxrlq||p] :ZQ(Z)I +Z IOgZ](X)H)

z

In the case of the VAE, we can’t directly use the EM algorithm to maximize the ELBO as the M-step re-
quires us to calculate and maximize E,, g«) [log pp(x,z)] which is taken over the true posterior pyu (z|x).
The calculation of this true posterior is intractable for VAE, so we would not be able to use the EM
algorithm. Instead, we use SGD to maximize the ELBO.

Since q is a distribution, we can think of optimizing the ELBO with respect to q as finding a ¢, € Q
where Q is a family of distributions (e.g. Gaussians). We are optimizing the ELBO with respect to the
parameters ¢ of distribution ¢ (e.g. ¥ = (u, X) in the case where ¢ is a Gaussian). We call ¢;(Z) the
variational distribution.

We break down the ELBO into the Reconstruction term and Sum of KL Divergence terms as follows:

pG(X7 Z)
ay(2)
po(X|Z)po(Z)
qy(2)

=E,,(2)llogpo(X|Z)] + Eg, (7) log

L(Y,0) =Ky, (z)log

= Eqw(z) log
po(Z)
ay(2)
= Eq,(2)[log po(X|2)] — Drr[gy(2)||pe(2)]

N N N
= E,,(z)ll0g [ po(enlzn)] — Drcr ] v (z)ll [ po(zn)]
n=1 n=1

n=1

Mz

By, (2n) 108 D0 (%n]20)] = > D1 (g (20) | Po(20)]

n=1 n=1

The first term is the Reconstruction term and the second is the Sum of KL Divergence terms.

For the Reconstruction term, we can approximate it using Monte Carlo approximation (sampling):

M
1 m
Eqw(zn)[logPQ(X’n‘Zn)] ~ M Z long(Xn’Zg ))

m=1

(m)

where z, ’ ~ qy(2zn).

We see 3 distributions in our deconstructed ELBO: py(xy|2,), po(2z,) and gy (z,). From earlier, we know
that pp(z,) = N (2zn;0,I) which has no dependence on 6 and pg(x,|z,) = N (x,|fo(zn), 0?I). Hence, all
we need to do now is to find gy (z,). We can make ¢y conditional on x,, as seen in the diagram below.
S0 Gy (zn|Xn) = N(zn\gg(xn), gi(xn)) We end up with these formulas:

e Reconstruction term: Ey (4, x,)[log po(Xn|2,)] ~ = M log./\/(xn|f9(z,(1m)), o2I)

e KL Divergence term: D [qy(2n|%n)||po(2n) = DKL[/\/(anng(Xn),gi(xn))llN(O,I)]
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ffn'-(zrl |Xn)

Z‘H| (Jr (XHJ (jw,,(x t))

z‘

“Encoder” p(z,) = N(0,I)  “Decoder”

L(IIJ» 6) = Zn Eqw(zn|xn) [log Po (Xn |Zn)] - Zn ]DKL [qw (Z'n ‘Xn) Hp(} (Zn.)]

17.2 Optimization and the reparameterization trick

Recall that we are using sampling to approximate the Reconstruction term. As sampling is not differen-
tiable, we are unable to use SGD to optimize our loss term just yet. This is where the reparameterization
trick comes in. We will separate the randomness from the ”"Encoder” and leverage the following property
of Gaussians:

If e ~ N(0,1) and y = p + 0 X €, then y ~ N (p, o%).

We rewrite z\" as (eﬁf’”‘) X gi(Xn)) + QZ(Xn)-

This gives us the ELBO in a form that is differentiable. By optimizing the ELBO, we are therefore
able to find our loss term for the VAE.

L(Ip- H) = Zn [Ec';w(zn\xn] “Og Pa (Xn |Zn)] - En DKL lff:,b (ZH) ”pb’ (ZH)J

7 (M)

n

“Encoder” Sample (™ from “Decoder”
N(0,1)
(m)
Egy (anlxn 108 D0 (51 |Z0)] = = Zm I0g N (Xl fp (28, 021)
where z™ = ( (m) o gw(xn)) + g7, (Xn)

D0 o) 16 2] = Do [V (201 0 050, 95 60 ) 1N CO, D]



